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2-designs - ensembles of quantum pure states whose 2nd moments equal those of the uniform 
Haar ensemble - are optimal solutions for several tasks in quantum information science, espe- 
cially state and process tomography. We show that Gaussian states cannot form a 2-design for the 
continuous- variable (quantum optical) Hilbert space L^(R). This is surprising because the afhne 
symplectic group HWSp (the natural symmetry group of Gaussian states) is irreducible on the 
symmetric subspace of two copies. In finite dimensional Hilbert spaces, irreducibility guarantees 
that HWSp-covariant ensembles (such as mutually unbiased bases in prime dimensions) are always 
2-designs. This property is violated by continuous variables, for a subtle reason: the (well-defined) 
HWSp-invariant ensemble of Gaussian states does not have an average state because the averaging 
integral does not converge. In fact, no Gaussian ensemble is even close (in a precise sense) to be- 
ing a 2-design. This surprising difference between discrete and continuous quantum mechanics has 
important implications for optical state and process tomography. 
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A quantum t-design is an ensemble of pure quantum 
states, whose i"^ (and lower) moments mimic those of 
the unitarily invariant Haar ensemble, which captures the 
notion of 'random' pure states in Hilbert space. Designs 
have a variety of applications in quantum information 
science and the foundations of quantum theory, most no- 
tably in quantum tomography ^^1-4]. To date, designs 
have been used primarily in finite dimensional Hilbert 
spaces, with optical coherent states 0-0] (a 1-design for 
continuous variables) as an outstanding exception. While 

1- designs are useful, for example as resolutions of the 
identity operator, 2-designs seem to be the most useful 
and interesting of designs. They are far superior to 1- 
designs - often optimal - for a variety of tasks, including 
quantum state andprocess tomography [2,, ^] , and maxi- 
mal unclonability [i| . Relatively few applications [13, [HI 
are known for higher-order designs. Finite-dimensional 

2- designs include mutually unbiased bases (MUBs) (see, 
e.g. |ll[l2|) and symmetric informationally coniplete pos- 
itive operator valued measures (SICPOVMs) [l3| . 

In this paper, we attempt to construct a continuous- 
variable 2-design from Gaussian states (including coher- 
ent states and their squeezed cousins). There is am- 
ple reason to suspect that such a construction is possi- 
ble. The simplest 2-design construction in d-dimensional 
finite Hilbert spaces comprises [d -\- 1) mutually unbi- 
ased bases in prime power dimensions (d — p") 
The basis states' discrete Wigner functions form lines 
in discrete phase space. These constructions, and indeed 
the whole idea of discrete phase space, were motivated 
by continuous-variable phase space and the associated 
Hilbert space L^{M). 

Thus, we are surprised to report that Gaussian 2- 
designs do not exist. At first inspection (Section lIVp . 
it appears that they should because their natural transi- 
tive symmetry group - the affine symplectic group - acts 
irreducibly on the symmetric subspace of (R) ® (R) . 



Schur's Lemma implies that a symplectically-invariant 
ensemble of Gaussians should therefore form a 2-design. 
However, an explicit calculation of matrix elements (Sec- 
tion|V| shows that it is impossible to construct a 2-design 
out of Gaussian states. In fact, it's impossible even to 
get close! The resolution (Section IVip involves the non- 
convergence of an integral over the symplectic group. Be- 
cause this integral fails to converge, a symplectically- 
invariant mixture of Gaussian states does not exist - 
which is a sort of end run around Schur's Lemma. We 
point out that this is not merely due to the noncompact- 
ness of the symplectic group, for integrations over non- 
compact groups are often well-defined and yield invariant 
quantities (as demonstrated by the coherent states). 



I. DESIGNS AND REPRESENTATIONS 

A set of states on a Hilbert space H is a i-design for 
T-L if its t*'^ moments are identical to those of the unitarily 
invariant (Haar) ensemble of pure states on %: 



Avg ( 



(1) 



The Haar average on the R.H.S. of Eq. [T] can be cal- 
culated easily using Schur's Lemma, which states: if a 
nonzero operator on an irreducible representation (irrep) 
space of a group G commutes with every element of that 
irrep, it must be proportional to 11 on that space. The 
R.H.S. commutes (by construction) with every so 
it must be a sum of irrep projectors. Since \ili){il>\^^ lies 

entirely in the symmetric subspace ?£symm of "H®* (which 
is an irrep space), the Haar average is proportional to the 
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projector onto 'Hsymin, and the f-design condition is 

Avg (m^r) = " V X • (2) 

Here we are concerned with Gaussian states on the 
Hilbcrt space L^(R), and whether it is possible to con- 
struct a 2-design from them. The coherent states are a 
simple example of a Gaussian 1-design, and we will re- 
view this construction in order to introduce some simple, 
useful group theory tricks. 

II. HEISENBERG-WEYL COVARIANT 
1-DESIGNS 



weighted according to the invariant measure /i of its 
defining group. The coherent state POVM (positive op- 
erator valued measure^) of quantum optics is generated 
by choosing \tpo) to be the "vacuum" state |0) of a di- 
mensionless {m = oj = H = 1) harmonic oscillator Hamil- 
tonian H = + P^, with wavefunction 

V'o(a;) = (x|Vo) = -^yjijl- 

The coherent states are not unique; we can generate 
a HW-covariant Gaussian 1-design from any Gaussian 
fiducial l^o)- But none of them are 2-designs, and the 
proof is rather instructive. 



Schur's Lemma applies to any group. This suggests an 

elegant way to construct designs. Choose a group G that 
has a unitary representation T onH, 



If the natural t-copy tensor product representation 
9 



is irreducible on the symmetric subspace^ of 'H®*, then 
Schur's Lemma implies that the ensemble 

M = {Tg l^o) V 5 e G} 

is a design for any I'^o) € 

M will be a 1-design if Tg itself is irreducible on "H. 
For example, the Heisenberg-Weyl group on one degree 
of freedom, HW(1) (or simply HW, hereafter), has an 
irreducible representation on H = Z/^(R) as translations 
in phase space (displacement operators) 

{Tx,P,4,} = {e-'^-^+^P+f^)/^ y x,pGR and e [0, 27r]}, 

where X and P are the position and momentum opera- 
tors on L^(R). HW is a noncompact Lie group. Its nat- 
ural Haar measure is /i = cfcdpd^ - which is simply the 
Lebesgue measure over phase space and over the phase (j). 
Because we use state projectors \tl>){tl>\ exclusively, central 
phases such as (p vanish. We can safely treat all group 
representations as projective, and will denote this phase- 
space-translation representation of the Heisenberg-Weyl 
group by {T^,p}. 

Since {Tx.p} is irreducible on L^(IR), any "fiducial 
state" IV'o) can be used to generate a Heisenberg-Weyl 
(HW)-covariant 1-design 

A^i = {Tx,p|Vo)}, 



^ Note that the {TJ^'} representation commutes with permuta- 
tions of the t copies, so its action on on is reducible onto 
the irrcp spaces of the symmetric group St- 
these. 



III. HEISENBERG-WEYL IS INSUFFICIENT 
FOR 2-DESIGNS 



To evaluate whether an ensemble is a 2-design, we 
consider 

n®'^ = n<sn = l^(ir) ® l^(r), 

containing square- integrable functions tp{xi,X2) of two 
real variables. For any group G, the tensor prod- 
uct representation Tg (g) Tg is reducible onto the sym- 
metric and antisymmetric subspaces of "H*^^, because 
Tg (g) Tg commutes with the SWAP operator n that per- 
mutes the two systems. The SWAP operator becomes 
very simple if we change coordinates from {xi,X2) to 

(^x+ = ^^^£^,x- = which defines a refactoriza- 

tion of the Hilbert space as 



L'^ixi) (g) L'^{x2) L'^{x+) ig L'^{x-). 

Now SWAP has no effect on the x+ subsystem (since X2 + 
xi = x\ -\-X2)^ but acts on the X- subsystem as the parity 
operator P : x — )■ —x, because X2 — x\ = — (xi — 2:2). 
The projectors onto the symmetric and antisymmetric 
subspaces are thus: 



n 



n(2) 

symm 

(2) 

antisymm 



= 11+ 
= 11, ^ 



2 

(11 -P). 



^ A pedagogical note on the term "POVM" may be useful here. A 
POVM is a measure over a sample space; the sample space is the 
set of possible outcomes of a quantum measurement. To each 
[measurable] subset of outcomes, the POVM assigns a positive 
operator (whereas conventional measures would assign a positive 
number). Often, in quantum information science, the sample 
space is finite - and so measure theory is mostly superfluous, 
and practitioners often forget just what "POVM" means. Here, 
our sample space is the continuously infinite manifold of a Lie 
group, and [basic] measure theory is required. 
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But the HW representation {T®^} is not irreducible on 
these subspaces. Its elements act on (g)i^(a;_) as 



-i(a;Pi+2:P2+pXi+pX2)/;i 



11_ 



so they act faithfully on but trivially on L^(a;_). 

Any l-dimensional subspace of L^(a;_) - e.g., span{|^/')_} 
- is an irrep space of this representation, 

(g) span{|V')_}. 

Note that this structure is slightly different from the 
usual "direct sum of irrep spaces" structure. As a direct 
sum of uncountably many copies of the irrep {T^,^ y2p}i 
it is much more naturally described as a tensor product. 

This simple representation structure makes it easy to 
evaluate whether a Heisenberg-Weyl-covariant ensemble 
is a 2-design. We tensor two copies of the fiducial state 
lipo) and rewrite it in the refactored Hilbert space using 
its Schmidt decomposition: 



where \k)_^_ are elements of orthonormal bases for L'^{x±). 
This state is generally entangled, with more than one 
Schmidt coefficient c^. Now, the average of 
is equal to the averaged action of the Heisenberg-Weyl 



jroup on |'i/'o)(V'o 



«i2 



Avg (\mr) = Avg i^oxv'or' in J 

M ^ ' HW ^ 



Since HW acts irreducibly on 1?(xj^\ it will completely 
depolarize the L?(x^^ subsystem, and destroy all corre- 
lation with the L'^{x^) subsystem: 



Avg (m^f 



cx ll+®^|cfenA:)(fc|_. 



This is proportional to Ilsymm if and only if is 
maximally entangled between L'^{x+) and the positive- 
parity subspace of L'^{x^). Such states exist for many 
(perhaps all) /inife-dimensional Hilbert spaces, which ad- 
mit a discrete analogue of the Heisenberg-Weyl group, 
but finding them is an open challenge known as the 
SICPOVM problem 

But when lipo) is a Gaussian state, l-^o) IV'o) is actually 
a product state of L'^{x+) and For a completely 

general Gaussian wavefunction 

the wavefunction for lipo) lipo) is (in the x± coordinates) 



V2 y V V2 



So i:f'{x+,x_) 
and 

Avg(|^)(V'| 
M 



-: '0+(a;+)'0_(x_) is a product state. 



«i2n 



(xll+$5|^-)(^-|^Hg) 



symm" 



In fact, the two-copy average state is about as far as 
possible from the projector on the symmetric subspace, 
since it is rank-1 on L^(a;_). The Heisenberg-Weyl group 
is clearly insufficient for the production of Gaussian 2- 
designs. 



IV. THE SYMPLECTIC GROUP, AND THE 
EXISTENCE OF GAUSSIAN 2-DESIGNS 

Each HW-covariant design contains only a subset of 
the Gaussian states. Since its elements are related by 
translation, they all have the same shape in phase space, 
inherited from the fiducial |V'o) (which, without loss of 
generality, we may take to be a "squeezed vacuum" state 
with [x] = ip) = 0). We need a richer ensemble, contain- 
ing states with different shapes. To get it, we observe 
that every squeezed vacuum state can be obtained from 
the vacuum state by applying a particular linear sym- 
plectic transformation. These are linear transformations 
on phase space that preserve symplectic area dcc^, and 
they form the symplectic group Sp(l, M). It is isomorphic 
to the special linear group SL(2,R), whose fundamental 
representation is the 2x2 real matrices with unit deter- 
minant p^ . This 3-parameter Lie group is the natural 
symmetry group of squeezed vacuum states, on which it 
acts transitively, and it will be central to our discussion. 

Sp(l,M), which we will denote by Sp for convenience, 
contains all the linear transformations of phase space 
(which means all the transformations that preserve Gaus- 
sianity). This includes: 

1. rotations ("elliptic transformations"), of the form 

/cose sine' 
^ ' \— sm cos ( 

2. squeezings ("hyperbolic transformations"), of the 
form U (u) = 







3. shearings ("parabolic transformations"), of the 
1 0^ 



form V{v) 



-V 1 



Rotations, squeezings, and shearings each form a 1- 
parameter subgroup of Sp, but these subgroups are not 
normal. In fact, the projective symplectic group is sim- 
ple (has no nontrivial normal subgroups) , so it cannot be 
factored as a group. However, if viewed as a 3-parameter 
manifoldj^ can be factored, using the Iwasawa decom- 
position [is'], usually written in the notation Sp = KAN, 
which identifies each element g of a group G with three 
elements of subgroups K,A,N: g ~ {k,a,n}. The Iwa- 
sawa decomposition writes Sp as a direct product of the 
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three sets K = {k}, A = {a}, and N = {n}. The group 
element correspondmg to {fc, a,n} is just the composi- 
tion (matrix product) of the three subgroup elements, 
g = kan, and the three subgroups K,A,N are precisely 
the ones listed above - rotations (K), squeezings (A), 
and shearings (N). 

Since Sp is transitive on squeezed vacuum states, any 
squeezed vacuum state can be obtained by applying some 
g e Sp to the |0) state. Adding the generators of the 
Heisenberg-Weyl group (whose action on phase space is 
affine, not linear) yields the affine symplectic group. This 
semidirect product group, HWSp — HW xi Sp(l,K) is 
transitive on all Gaussian states. So there is a unique 
HWSp-covariant design A^sp containing all Gaussian 
states, weighted by a HWSp-invariant measure, which 
has the potential to form a Gaussian 2-design. 



A. The affine symplectic group is irreducible on 
the symmetric subspace of I/^(R)®^ 

It's fairly straightforward to show that HWSp is irre- 

(2) 

ducible on "Hsymm - which would appear to imply that 
A^Sp is a 2-design. An element of HWSp is a projective 
linear transformation on phase space, and is completely 
characterized by its action on the position (X) and mo- 
mentum (P) operators, which form a symplectic vector 



Heisenberg-Weyl transformations act on Z additively, 



X 
P 



while symplectic transformations (represented as 2 x 2 
matrices with unit determinant) act on Z by matrix mul- 
tiplication: 



a b 
c d 



aX 

cX- 



dP 



So an arbitrary element of HWSp acts on Z as 



aX - 
cX^ 



bP 
dP 



The 2-copy tensor product action is thus 




faXi + bPi+x 
cXi +dPi+p 
0X2 + bP2 + X 

VcXa + dP2+p 



so its action on X± and P± is 



/x+\ 












VpJ 





cX+ + dP+ 
aX_ + bP 
cX_ + rfP_ 



V2p 



(3) 



Eq. |3] shows that, while the Sp subgroup acts faithfully 
on both factors, the Heisenberg-Weyl subgroup acts faith- 
fully on i^(a;+) but trivially on L^(x_). Irreducibility 
follows from three observations. 

1. HWSp contains HW as a subgroup, and HW is irre- 
ducible on L^(x-)_), so HWSp is irreducible on this 
factor. 

2. HWSp contains a Sp subgroup that acts faithfully 
on L^(a;_). Sp contains an S0(2) subgroup, rep- 
resented as rotations on phase space. These are 
generated by the harmonic oscillator Hamiltonian 
H = X^-fP^, so the irrep spaces of the SO (2) rep- 
resentation are its 1-dimensional eigenspaces {I^t.)}. 
The irrep spaces of Sp on L^{x-) must be coarse- 
grainings of the SO (2) irrep spaces, so they are di- 
rect sums of harmonic oscillator eigenspaces. 

3. Sp also contains squeezing transformations, which 
act as 



Any nontrivial squeezing transformation has 
nonzero matrix elements between |0) and |2n) for 
every n - which is to say that it maps \2n) — >■ 
|0) and vice- versa with some amplitude. Squeez- 
ing transformations therefore mix together all the 
even number states. They span the positive-parity 
subspace of L'^{x-), which therefore has no Sp- 
invariant subspaces. 

Observations 2 and 3 imply that HWSp is irreducible on 
the positive-parity subspace of L'^{x-). Together with 
Observation 1, this implies that HWSp is irreducible on 
the symmetric subspace of L^(IR)'^^. 

This proof is entirely nonconstructive; it does not even 
suggest what is the HWSp-invariant measure over Gaus- 
sian states. Since HWSp is noncompact, the measure will 
not be normalizable. This doesn't necessarily pose prob- 
lems - the same is true of the Heisenberg-Weyl group, 
but the coherent state POVM is perfectly well-defined 
and physically meaningful. However, when we attempt 
to construct the 2-design whose existence seems to be 
implied by the irreducibility of HWSp, we shall see that 
things get rather confused. 



V. EXPLICIT CONSTRUCTIONS, AND THE 
NONEXISTENCE OF GAUSSIAN 2-DESIGNS 

Let us try to construct a Gaussian 2-dcsign Ai. To 
keep things clear and simple, we will not try (yet) to 
compute the invariant measure over HWSp. Instead, we 
simply assume that A4 is invariant under the Heisenberg- 
Weyl subgroup, and under the SO (2) subgroup of phase 
space rotations. These invariances imply: 
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1. The ensemble-average state will be maximally 
mixed on the L^(a;+) factor (which can therefore 
be ignored) because HW is irreducible on that fac- 
tor. 

2. Ai comprises Heisenberg-Weyl orbits, each defined 
by (i) applying a specific linear symplectic transfor- 
mation g e Sp to 10)*^^ to get a Gaussian jV'g)'*^, 
and (ii) applying all T^.p G HW to 1^/;^)®^. Each or- 
bit is a tensor product, between a Heisenberg-Weyl 
covariant 1-design on L^(a:+), and a single squeezed 
vacuum state \ipg){ipg\ on L^(a;_). This is true be- 
cause HW acts trivially on the L'^{x^) factor, while 
Sp acts faithfully on the factor. 

Now, each squeezed vacuum state jV-'g) on can be 

described by its degree of squeezing s (see Eq. [5]), and 
the angle 9 in phase space between its major axis and the 
X-axis. The HWSp-invariant measure over states will be 
something of the form 

fi{s,9)ds(^. (4) 

So, when we calculate 

Avg , 

we will be adding up a lot of 2-mode Gaussian states. 
And, thanks to the first two points above, we know that 
as long as the ensemble is Heisenberg-Weyl-covariant, 



Avg ( 



\ip)eM 



OC ll4 



Avg \tpg){lpg 



where for each \^) in Ai, the corresponding lipg) is a 
squeezed vacuum state with the same shape (but (x) = 
(p) =0). is a 2-design if and only if 



Avg |l^g)(^g|0Cn = 



(U + P)_ 



The R.H.S. is the projector on the symmetric subspace. 
In the "number basis" {|fc) : fc = 0, 1, 2, . . .} (eigenstates 
of iJ = X2-KP2), parity acts as P|fc) = (-1)'= |fc>, so the 
projector onto positive parity states is 



H = 5^|2fc)(2fc|. 



fe=0 



But this operator cannot be built as a sum of Gaussian 
projectors \'ipg){'ipg\, as we will now show by computing 
the diagonal matrix entries of a single \iljg){ipg\ - where 
g (s, 9) — in the number basis. 



A. Detailed calculation of overlaps 

Suppose that \'ipg) — \ip0^s) is an arbitrary squeezed 
vacuum state, and let 



Pk{9,s)^\{k\i^e,s)\' 



Now, \ipe,s) is parity-symmetric, and if k is odd then \k) is 
parity-antisymmetric. So pk =0 for odd k. Furthermore, 
|fc)(fc| is invariant under phase space rotations, so 9 has 
no impact on pk- We thus write it as Pfc(s), and assume 
without loss of generality that {ips) is squeezed along the 
X axis. The corresponding wavefunction is 

ipsix) = {x\'4je=o,s) = (tts^)" ^' 'e 
yielding squeezed quadratures 



/Ax^ Axp\ _ 1 /s^ 
\Axp Ap^J ~ 2\0 l/s^ 



(5) 



The wavefunction for a number state \k) is the product 
of a Hermite polynomial and the ground-state Gaussian 
wavefunction: 



(f)kix) ^ {x\k) 



i7(fc,x)e-^'/2 



where 



H{k,x) 



dt 



t=o 



Using these wavefunctions, for k even. 



yMF) = I {km I 



1 



VTr2^k\s \dt 



d 



k r 



1 



d 



2'=-ifc!(s2 + i) 



t=0 



t=0 



fc! 



(fc/2)! 



/ 2fe+is(s2- i)fc fk + 1 
7rfc!(s2 + l)fc+i 



Squaring this expression and rewriting fc! = r(fc + 1) 
yields 



Pk 



TTT{k+l){s^ + 1) + 1 

We now use the identity 



r(2z) = ^22^-i/2r(0)r(z + 1/2) 

v 27r 



to rewrite the denominator using 

r(. + i,.,-/Vr(i + i)r(i + i), 
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which yields 



so 



Pk = 



2r(^) 



0Fr f + 1 + 



S2 + 1 



Finally, we observe that is symmetric under s — >• 1/s 
- as it should be - and with this in mind we rewrite it in 
terms of the squeezed vacuum state's energy 



E 



1 



Solving for s gives s ~ \J 2E ± V AE'^ — 1, and therefore 
s 1 



s2 + l 

s2 + l " 
This yields our final result 

pu{E) = |(fc|Vs,e)P 



2£- 1 



7rr(f + l) y/2E+l 
(for even /c; pk vanishes when k is odd.) 



2E~ 1 
2£;+ 1 



(6) 



B. There are no Gaussian 2-designs 

Let us now consider the implications of Eq. ([6]) . Our 
proposed ensemble will contain Gaussian states with 
some measure f{E)dE over E, which has not yet been 
defined. But states with each value oi E Q [l,oo) will 
contribute to the average of on L'^{x^), according 

to 



Avg 



Y,Pk{E)\2k){2k\j fiE)dE 



\k=0 



= Pk{E)f{E)dE\2k){2k\. (7) 

This equation is entirely correct as long as the measure 
over Gaussian states is invariant under rotations in phase 
space (in which case the off-diagonal elements vanish by 
symmetry); otherwise it is only correct for the diagonal 
elements, which is still sufficient to demonstrate a prob- 
lem. 

Now, Pk splits into a factor which depends on the 
squeezing (energy) of the Gaussian state. 



1 



E-l 



VeTT M e + 1 

and a factor that is completely independent of the state. 



2ttT ( 



1 



Avg il^M) 



2 ^r(fc 

TT^ Tik 

k=0 ^ 



1 



Wk{E)\2k){2k\, 



where Wk{E) contains all the i?-dependence of this aver- 
age state, and is given by 



Wk{E) = 



1 



VWTT \E+i 



E-l 



f{E)dE. 



Now, without saying anything about the measure over 
E, we can see a problem. The integrand of Wk{E) is a 
strictly decreasing function of fc - for every finite value 
of i? - so WkiE) is strictly nonincreasing with fc. But the 
i?- independent coefficient is also strictly decreasing; the 
first few values of 



r(fc- 



r(A; + l) 



/TT, 



S^/tt S^/tt SS^/tt GS^/tt 231-y/7r 



8 



16 



128 ' 256 



1024 



and by fc 
value 



2 it is already within 1% of its asymptotic 

fe->oo r(fc + i) y/FTTJl 

So the average state is bounded above by the product of 
an operator with strictly decreasing eigenvalues and 



|2fc)(2fc| 



toVkTTrA 



(8) 



This is not equal to the projector onto the positive-parity 
subspace - which would have a flat spectrum. So it is not 
possible to build a 2-design out of Gaussian states. 

In fact, it's not even possible to get close. The best we 
can do is to choose an ensemble of very highly squeezed 
states, so that i? ^ 1 for all states. The £'-dependent 
terms in Eq. ([S]) go to 1, and we are left with something 
proportional to the operator in Eq. ([8]) - which is not in 
any sense "close" to the projector that would signify a 
2-design. 



VI. SO WHAT IS GOING ON? 

The previous sections appear to present a contradic- 
tion. On one hand, HWSp is irreducible on the symmet- 
ric subspace of L^(R) (g) L^(M), so Schur's Lemma seems 
to imply that a HWSp-invariant ensemble of Gaussian 
states must be a 2-design. On the other hand, the ex- 
plicit calculation of the last section makes it clear that 
no mixture of Gaussian states can yield a 2-design. 
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The resolution to this tension is to observe that Schur's 
Lemma states only that if an operator X on an irre- 
ducible representation space of G commutes with every 
element of the representation {Tg}, then X cx U on that 
space. It does not guarantee the existence oi X. If the 
G-twirled operator 

p = J TglVKV-lTjcb 

exists, then (by construction) it must commute with ev- 
ery Tg (and then Schur's Lemma completes the proof). 
But it may not exist! When G is not compact, the inte- 
gral may or may not converge. When it does not converge 
- as turns out to be the case here - the G-twirled state 
does not exist, and Schur's Lemma is not applicable. 

The symplectic group provides a particularly interest- 
ing (and - to a physicist - irritating) case, because: 

1. Sp does have a well-defined Haar measure (see next 
section), 

2. there is in fact an Sp-invariant operator on i^(R) 
(the identity operator) and a HWSp-invariant op- 
erator on L^(M) (8)L^(R) (the projector on the sym- 
metric subspace), 

3. G- twirling frequently does converge, even for non- 
compact groups G (e.g., when G — HW, as we 
showed in Section ITl|) . 

The last point is illustrated by the Heisenberg-Weyl 
group. While it is noncompact, that does not prevent 
us from HW-twirling the vacuum state to get 

/ r,,p|o)(o|rtpdEdpcx u. 

Actually, a rather subtle trick is required to make this 
integral converge. If we define a sequence of partial inte- 
grals over \x + ip\ < r for r = 1,2, 4, 8, 16, . . ., then the 
sequence of partial integrals is not Cauchy - i.e., it does 
not converge to an operator in B{L'^{M.)). However, if we 
project these partial integrals onto any finite subspace of 
i^(R), then the sequence of projections converges to U 
on that subspace. 

In contrast, the Sp- twirling integral diverges on every 
finite subspace. Let us show this explicitly by (finally) 
deriving the Sp-invariant measure over Gaussian states. 

VII. THE SYMPLECTICALLY-INVARIANT 
MEASURE 

Although Sp is a 3-parameter Lie group, we are really 
only concerned with its action on the 2-parameter man- 
ifold of Gaussian squeezed vacuum states. So we do not 
need the whole group, nor do we need to calculate the 
Haar measure over the entire group. However, we need 
a subgroup that is transitive on squeezed vacuum states. 



The 2-parameter parabolic subgroup of Sp generated by 
squeezings U and shearings V (see Sec lIVp is exactly such 
a group |la |. 

An arbitrary element of the parabolic subgroup is given 
by S{u,v) = V{v)U{u). Composition of two elements is 
given by 

S{u', v')S{u, v) = S{u'u, u'v + v'). 

Viewed as a left action, this implies that the measure 
/i(w, w)dMdw transforms under S{u' ,v') as 

/i(u, v) I— )• ii{u'u, u'v + u')|u'^|, 

where is the Jacobian of the transformation. Let 
us choose normalization so that the measure equals dudu 
at the identity element (u = 1, u = 0), so /i(l,0) = 1. 
Then we have fi{u' ,v')u''^ — 1, so the left invariant Haar 
measure is 

^ = -^dudv. (9) 

Note that, although Sp(l,M) is unimodular (its left and 
right invariant measures are equal), the parabolic sub- 
group is not; it has modulus l/|w'| when S{u' , v') acts on 
the right. 

Since this group is transitive on squeezed vacuum 
states, we can parameterize them using {u, v) as well. To 
do so, we observe that a squeezed vacuum state is com- 
pletely specified by a real, symmetric, positive definite 
matrix G with unit determinant (the state's covariance 
matrix is ^G~^). G defines the state's Wigner function 
on phase space (parameterized hy Z = [x,p]'^) as 

Wg{Z) = -eM~Z^GZ), 

We can apply a symplectic transformation contragradi- 
ently to Z, as Z i— > S^^Z, or we can apply it to G as 
G ^ iS~^)^GS-\ So, to find the matrix G{u,v) for a 
specific squeezed state, we apply squeezing and shearing 
transformations to the vacuum state (G = U), obtaining 

G{u,v) = V{-vfU{l/ufU{l/u)V{-v) 

__ fu + v'^/u v/u\ 
I v/u 1/uJ 

for a general squeezed vacuum state. We could reach the 
same state by squeezing and then rotating, 

G{s,9) = R{-9fU{s^fU{s^)R{-9), 

provided that 



s4 cos2(6') +sin2(6')' 
(s^ - 1) sin(6l) cos(6') 
s4cos2(6') +sm^{e) ■ 
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The measure in Eq. ([9]) becomes 

211 - s"*! 
/X = — 5— ^dsd6', 

and if we substitute s — \/ 2E ± V AE'^ — 1 , we find (after 
some algebra) 

/II = 4d£;cf . (10) 

The average energy of the invariant ensemble is divergent, 
and - since every energy contributes equally - it is dom- 
inated by states with arbitrarily large squeezing. Fur- 
thermore, every nonzero matrix element in the ensemble- 
average state defined by Eq. [7] diverges. This explains 
(and resolves) the apparent contradiction with Schur's 
Lemma: there is no ensemble-average positive operator, 
since the integral diverges irreconcilably. Since the aver- 
age doesn't exist, it need not be proportional to an irrep 
projector. 

Note that the measure defined in Eq. [TU] is perfectly 
well-defined and well-behaved. Some functions have well- 
defined averages over it, but some (notably the positive- 
operator-valued function ) do not. Consider (as 
a simple example of the same phenomenon), the stan- 
dard Lebesgue measure dc. Some functions, such as 
J{x) — {x^ + 1)~^; have well-defined integrals over dr. 
Others, such as f{x) — 2^"^, do not. Although physi- 
cists can often use tricks to evaluate ill-defined integrals 
(e.g., setting a;^^dr = by symmetry), some inte- 
grals over Ac are truly ill-defined - like that of /(x) = 1. 
For squeezed Gaussians, the ensemble-average state is 
such a case. 



VIII. CONCLUSION 



nificant for state and process tomography, since the spec- 
tral non-uniformity of Eq. |S] means that any Gaussian 
POVM will be less than optimally sensitive to variations 
in certain matrix elements. However, this by no means 
implies that squeezing does not help in quantum tomog- 
raphy. While squeezed states do not form a 2-design, 
our analysis has shown that they come far closer to do- 
ing so than do coherent states. Squeezed measurements 
promise major improvements in the statistical efficiency 
with which non-classical states can be reconstructed - 
just not quite as much improvement as (in principle) 
could be gotten with non-Gaussian states. 

In particular, we note that the eigenvectors of posi- 
tion, momentum, and Xcos6' -I- Psin0 (for uniformly 
distributed 0), which are measured in the theoretical ide- 
alization of heterodyne quantum state tomography [l7j , 
can be seen as infinitely squeezed Gaussian states (or, 
more precisely, as a s — >■ cx) limit of Gaussian states). 
This "heterodyne POVM" , rotationally invariant and 
dominated by infinitely squeezed states, is essentially 
identical to the HWSp-invariant measure. So while it 
is still rather far from being a 2-design, it is as close as 
any Gaussian POVM can be - and far more uniformly 
sensitive than the coherent-state POVM. 

We still find the nonexistence of Gaussian 2-designs 
to be quite "curious" ; the representation-theoretic argu- 
ment given in Section ITVl had us convinced for quite some 
time that they did exist. The counterargument is unique 
to noncompact groups and infinite-dimensional Hilbert 
spaces. It also demonstrates a fundamental difference 
between the symplectic phase space structure on finite 
Hilbert spaces, where irreducible representations do reli- 
ably yield designs, and L^(R) where, as we have shown, 
irreducibility does not necessarily imply that 
can be integrated over the group. 



The main result of this paper is, of course, that Gaus- 
sian 2-designs do not exist. There is a natural measure 
over all Gaussian states, which is left-invariant under the 
entire affine symplectic group, but neither this measure 
nor any other can yield a 2-design. This is not, of course, 
to say that there are no 2-designs for L^(R) - just that 
they cannot be built of Gaussian states. 

Equation [5] shows that Gaussian ensembles can't even 
get arbitrarily close to the 2-design condition. This is sig- 
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